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Intraduction

To cons=rvs pover and increase the accuracy to whizh a preceribed
phase shift may be sct, digital rather than the usual centinuously
variable tyne ohase shifters have been suggested for use in phased micro-
wave antenni arriys. Various schemes have been sugrested including the
use of magnetically saturated toroids in rectangular waveguides in which
the phase can ve shifted digitally by the reversal of the marnctization in
the toroid tnrough the application of a current oulse. lany of these
arrangements suffer from the disadvantage that not all of ihe ferrite is
effective 1n producing differential chase shift since only a portion is in
the region of ecircwlar polarization.

Ferrite toroids in round waveguides utilizing the circular TE mode
seem to be the natural microwave structure for such non-reciprocal vphase
shifters for several reasons(l). First, it is possible to place all of
the ferrite in a rcgion of circular polarization so that ertire vol-
ume of material 1s then effective in producing non-recinrocal ohase shift.
Secondly it is possible to make narrow transverse cuts through such a
structure without introducing significant reflection sc¢ that a number of
these sections may be cascaded to allow d.c. insulation between them.
Thirdly, such transverse cuts may be used for the intraduction of wires
to carry the switching current to the toroids. Finally. a thin wire may
be introducec along the waveguide axis without avpreciably changing the
fields. The ferrite magnetization could then be switched by a current

flowing aleng this wire. Transverse cuts in this cenier conductor can
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(1 4
)The use of the TEOl mode in conjunction with circumferentially mapgnet-

ized ferrite tubes incerted in circular cylindrical guides zppears to
have been suggested first by Ae. G. Fox, 5. E. 1iller and !k T. Weiss,
"Behavior and Appliication of Ferrites in the Mizrowave Begicn", Bell

Sys. Teche Jos Vol. 34, vp. 5-103, Jan. 105 The use of such struc-
tures as dipital phase shifters was proposed by the second author while

he was at Linceln Laboratories. sesa: Song St¢ » Research. lancoln
Laboratories, Mass., Inst. of Techn., No. 1. Secziion IV G. oo. 35, 1963.
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also be made without disturbing the mode.

The usual ricrowave ferrite materials may not be suitable for such
application since they will require desirable switching, as well as goed
microwave properties. Such materials are under investigation at this 15
well as other laboratories.

A theorctical investigation is presented here of the mode structurc
and the differential phase shift per unit length for the circular cyrlin-
drical guide containing a coaxial ferrite tube. While it is recognized
that in oractice the ferrite toroid will be of finite length anc the
ferrite will not necessarily be completely magnetically saturated it is
expected that this study will yield useful design data such as th= dif-

ferential nhase shift, optimum toroid placement and dimensions.
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Theory

We will Tirst consider wave propagation in a circular cylindrical
guide compnletely £illed with ferrite magnetized in the circumferential
or # - direction. The comrletely filled guide is treated only to study

the character of the eipenfuncticvs and +their eigenvalues and it is not

expected (due to the difficulty of synthesizing a uniform circumferential
magi-atizing Cicld) that such an arranpement will have practical utility,
The analysis will then be extended to more complex structures such as
tubes or rods of ferrite nlaced coaxially within circular cylindrical
guides,

A ferrite magnetized in the direction of the § - coordinate may be

characterized by *he permeability tensor

I+ 0 Jx
ko= by 0 1 0 (1)
s 0 1+x
where
x = —l . (2)
(YH)* " (vH)° =

and Y 1is the gyromsgnetic ratio,
magnetizing field,

exhibit rotational symmetry.
Jjot

form e and

component of the electric field E¢ must satisfy the differential equation
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M the magnetization and H the

We will restri~t our attention to those TE modes that
Assuming time and axial variations of the

e"JPZ, respectively, we find that the only non-vanishing

g (3)
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where r is the radial coordinate and

at = By/(1 + x)

=
|

= mzuo; A - g8 (L)

(1 +x)° = % 1/(1 *X)

e
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The components of the magnetic field are given Ly

Py 1+X) x 19 \
Hr - 2 E¢ TSI E VY Eﬁ’
Yo Yo
(5)
1y =-L’X“ (1+X)-]—'.a.— [
. > Byt I~ 5 (r £y
Yo Yo
where
Yi = mzuo [(1+x)2-x2} : mzudﬁ (6)
We seek solutions to {3) subject tc the boundary condition
Eg=0, r=b (7)

where b is the inner radius of the guide.

Equation (3) is recognized as Tricomi's form of the Conflusnt Hyper-
geometric equation(z). We may thus construct sclutions using Rumbert's
or Whittaker's notation or other forms of the Confluent Hypergeometric
functions(3>. Since the tabulation of th-~se functions and their eigen-
values is not complete it was decided to construct solutions that relate
directly to bBesszl and Neumann functions. This was prompted by the fact

that as a! goes to zero (3) reduces to Bessel's equation. Further, as a!

- am am as S W e = = - - e a & = m - - W w W W e e mm e w wm e e

(B)Morse, P. M. and Feshbach, H., Methods of Theoretical Physics,
McGraw-Hiil 1953, Vol. 1, pps. 60L-619.
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is proportionsl to tihw preduct PBx we have Lhat the eipenvalues must reduce

to those of the Sessel functions, both at cut-off B = 0, and 25
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to 0, i.e., as the ferrite material js allowed to become isotropic, Thus

constructing solutions Bl(a;kr) and Hl(a;kr) not only facilitated the

computationnl work but also aided in physical interpretation.

Thus

R (9.4 x o = }

”l(O’K) Jl(x), Hl(O,h) xﬁ(x) (8)
where X = kr,
These functions are given by

. = 3 p+1
Bl(a,x) p§o aﬁx
3 +2 = - (a +a +2)(p# 9
. (aa p)/(p )(p+h) (9)
a, = 1/2, a = -c/3

and

t: a

Hl-c:x = %{{Y + 1n ié&] Bl(a;x) - 12 5
(1+a")x 1+a
e n+l
* ngo dn+2 }
(10)
Cup = = (ad 144 )/n(n+2) - [1/n + 1/(n#2)]a
Fry ol 2y . 2
dy =~ 1/(1+a%), d; = - a/(1+a%), 4y = (v = 1n° - 1/2)/2

where

a=a/k
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Figures 1 th-ouzh li show the functions Bl(a;x), Hl(l;x) and their der-
ivatives as 2 function of x with @ as a para.cter (-2 <@ < 10;

<x < 10). The solution to equation (3) mav thus be written in the form
E¢ = AB1 (a;x) + BHl (a;x) (11)

where A and B are constants. However, E¢ must be bounded at the

origin thus B = 0 The boundary conditions (7) then gives
B (a;xo) = ) (12)

wuere X, = kb, The eigenvalues of (12) will be denoted by pl,m(a) where
the pl,m(o) correspond to the eigenvalues of Jl(x) = 0, Figure 5 shows
the functional dependence of :.ne first three eigenvalues pl’l(a), pl’2(a)
and pl’3(a) on a,
To calculate the propagation constant at given « and given ferrite
parameters we use relations (L), eliminate P to obtain
x2 ) wzuoe bal i xi(o)
° 1a(Lo0/ixl?  1ra?(Lof /A2

(13)

Superposition of the curves generated by (13) on the family of curves

pl,m(a)’ give, for any one value of m, the two sets of values (a,x) that

simuitaneously satisfy the required conditions {12) and (13). Then, using

(4), v > may caleculate the propagation constants, i.e.,

pb = -1—:+-’5 . ax, (k)

{

It is clear that the curves generated by (13) are symmetric about
a = 0 and the curves Py m(a.) are not, Thus the propagation constants ﬁ+
2

and ﬁ_ calculated from their points of intersection differ. We observe
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that as w is decreased the guide is 'eut-off! in one direction before the
other and the ordinate of (13) approaches pl,m(o). Also, since the slope of
pl,m(a) at @ = 0 is ncoative and the slope of (13) is zero at a = 0 - we see
that just prior to 'cul f' for both directions of propagation there are
two intersections of (13) with pl,m(a) for a positive and therefore two
distinct modes for the same direction of propagution become possible. These
then coalesce as w 1is further reduced and completc cut-off is finally
reached. The dircctions of propagation are not identified 2s forw-cd and
reverse since, for a positive, Bb may be nositive or negative depending on

the sign of (1 + X)/», i.c.,

© 2 Lo + )Y 25 (1 + 0 /% £ o. (15)

We can now treat the case of a circumferentially mapnetized ferrite tube
mounted coaxially within a circular cylindrical guide. (We again restrict
ourselves to considerin; the rotationally symmetric TE modes). Let the inner
ond outer radii of +ho ferrite tube be a and b, respectively, and let d
be the guide radius. & cross-section of the guide will then show three regions,
namely, an inner region filled—by some isotropic dielectric, the middle region
containing the ferrite, and an outer region again containing an isotropic
dielectric, these regions and related quantities will be identified using the
Roman numerals I, 1I and III for the inner, middle and outer regions,

We can now write the following expressions for thne electric field com.
ponents

.'.*I = I -JB (4
4 bI Jl(kor) e I

u}z = {B](a;kr) + Cﬂl(a;kr)] e'JBIIz (16)
EéII = 5,77 [J;{k r) + DN (k r)) e~3P 1112




where

RS & (a7

and where EI’ EII’ EIII’ C and D are constants, The dielectric constant

of the regions not cuntaining ferrite was taken to be that of the ferrite.
24 g

This may, in fact, be desirable in practice besides siuplifying the calculations

somewhat,

Applicatiocn of the boundary conditioans and eliminating the constants yields

the transcendental equation

B, (a; 7:2) . F,(a37%)-F,(a;7,X) _ B, (a; %) . F, (a3 £x)-F,(q; 2‘:) o
H)(e35x)  Fyla;tx)-Flastx)  H (e Tx) Fa(a;x)-F) (a; Tx)

where

F (a5 = [l-a1x + ™ Bi(a;Tx/Bl(a; )] /O
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TH) = L -QTH* ‘txHi(a; TX}/Hl/a; x)] /At
F(a3%) =ty 2 &y)/Z, k)

and

Zyley) = 35key) N(y) - 9,(y) N &)

2,(ty) = 9, (vy) N (y) - 3,(y) N &)
wnere T may tev¥e on the subscripts 1 and 2, and

T - a/d, T, = b/d

and

x = kd, ¥ = kyd
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Fony) = 5 Biley), cte.

We have also

2 2,2, 1 /. 2 ) 2

Yo x DO (Iag]t (1A} A o (19)
Solutions of the transendental equation will yield the eirenvalues as a
function of & - the intersection of these curves with (19) will then, as
before, allow Liz commutation of the propazatlion censtants and the dif-
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this structure.

4s 2 sample, and Leceuse these results were used in ciitulations to be
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forr that the fielc comwoncnts take for the ferrite

tube in contact with the zuide wall is given.

I A
By = (/)0 by)
T
ek, b Hy =y g (yr/e)/d @y) (20)
7

q s e Fin A

~Jel b HL = jax (1 + x) J,(yr/b)/x J, &)

and for a<r<b-=d

B (a xr;b)H {a; x)-Bl(a x)H (a;x~/t)
l(a,Tx}Hl(h,x)-Bl(a,x?dl(a;rxfﬁ

Eé Flayxr/b)

N
~jek b Hi* = ilb/r - ax] Flasxe/b) + x Ftazxr/v)) /Al (21)
i H{I = tla{1+x™ - %0/t +x)r] Flazxr/b) + x /(1 + x).

Frlesxr/o) )/ i

3

where the nrimcs sadicate differentiation w.r.b. xr/b.




As was %o be expeclad for tie case of the completely filled guide the
curves (Fi:. 5} disclaying the behavior of the eigenvalues as a function of
a are not syrmmetric zbout the ordinate since the magnetic intensities in
the regions whers circular polarization occurs differ, being somewhat stronger
nearer the center of the suide. Therefore, even for the compietely filled
guide a differential phase shift is obtained. This is in contrast to the case

of the completely filled rectanmular guide.

Figures 6 and

b g
i

show the results of calculations performed on the trans-
cendental equation (1Z;. Taat is, they show the behavior of the eigenvalues
as a function of @ for the two limit cases, the ferrite tute collapsed into
a central rod and the tube in contact with the guide wall. These calculations
were made taking the values X =0 and x = ,2, i.e., the magnetizing field
H was taken to be zero and YM/w was ziven & representative value of one
fifth., The lowest order eigenvalue was calculated for various values of T
where Tt = a/d - thus =T indicates the fraction of the guide cross-section
filled with ferrite. In the limit as <t approaches zero or unity these
cw. ves approach those for the guide filled completely by an isot-opic dielectric
or the ferrite. The dielectric constant for both the ferrite and the dielectric
regions was taiken to be nine,

One would expect that in the partially filled guide the differential phase
shift would increase over that of the comrle*~ly filled guide as, in this
case, only one region where circular polarization occurs is contained within
the Territe region. Further, one expects that as 7T increases the dif-
ferentialy phase shift increases until T is such that about hall the guide

section is filled whereafter it would decrease until it matches the value
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helf. This ic fndeed true for a small but ac  a ineresses pa-rtivcl

the differentics phase shaft is less than it vould be for the com~lotsly

filled muide., onwe bave = ferrite tube in conbict with the Tuidz el

.T""

tnis effect is cven more pronounced [Fig. 7) and ue see tizt for oven small

“ the slopes of Lig sizenvalue curve: gqucl to or loss than that fop
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the completelr Z3lled muide, Of course, for th: latier case where the suide
contains little lerrite (7T = 1.) we exvact tiic eigenvaluss corves to
become alrost symmetric about the ordinate since the differsatial phase shift

Wwill become vanisaingly small,

4]

An explanation that would account for tne dosnturn in the 2izenvalus
curve for a larce and negetive is that the [i21d musc be exrellad from
the ferrite in this region. To determine i in fzet this occurs tae com-

ronents of the =isctric and mognetic field were computed for this cass

&)

using (20) and (¥1) for 7= .2 and x,(C) = &, 20, 30 and LO in (22

These values of x (0) inserted into (13) a3sur=d 4hzt the in

ct

ersaction
tne eigenvalue curve for 1T = .2 fell 2t suitcble ngints,
thet is, vofore. con, znd zfter the downturn. The rescits cof thess calcula-

tions, pressnizd in Fipure 3, clearly show thai the fields are axpellad as

@ increassc nacativelr - until at xO(U) equal to cbout 0 trc gresater nart
of the energy ic transporied for this direction of pro=agation in Lhe isctro-
pic region. Thus, f¢r this case the magnetic ficlds are relatively waak

througnout the resion of circular polarization lying within the ferrite and

conssquently the anisectropic craracter of the nmadiuwm has a smailer effect on

tie pronagation constant for this direction of pronazation.
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The rezion of a 1larpge and negative holds, in fact, but modest intzarest
since operaticn in this resion would yield decreasing values of differantizl
phase shift., Thus the character of the eigenvalue curves for a above tho
downtown is of nrimary interest.

Figure 9 rresents a typical curve of the differential rhase shift as &
funetion of T. Again, the explanation of the unexnocted result that the
maximum differcntial phase shift occurs for tne completely filled zuide lies
in the fact that the fields show a preference for the isotronic over the
anisotropic region. Ye note that when the guide is zbout two thirds filled
with ferrite (T = .36) the effect introduced by the region of circular
polarization near the guide is exactly counterbalanced by the effect felt
due to the ferrite approaching the region of circular polarization near the
guide axis.

The final calculations presented here were made to observe the changes
in the differential phase shift for a thin tube of ferrite into the guide
for various values of the tube mean radius. The computations wsre made for
a ferrite tube of thickness one tenth the guide radius, the parameters X
and x again b2ing O and .2, respectively, wiile the remaining guide
rarameters wers selacted such that xO(O} = 6. The calculations of the Jif-
ferential phnse shift variation with mean tube radius are shown in Fisure 10.
Tnis graph clearly demonstrates that the differential phase shift increases
until the ferrite tube contains a region of circular polarization taen
decreases, passcs through zero, and decreases to & negative maximum when Lhe
tube enclos2s the regicn circularly polarized in the opposite s2nse. The
fact thet the neximum differential phase shift is the greater for tue region
of poiarization n2arer the guide axis confirms that the me -:tic intensity is

the greater tnere




il

Even though the results for the thin tube may be arrived at throush
I S

perturbation thecry the exact solution allows the extension of the cal-

culationto thick tubes and to the investigation of the effect of hirher

order modes which may ricld greatly increased differential phase siift,
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